Estimates for the combined effect of boundary approximation and numerical integration on the approximation of (simple) eigenvalues and eigenvectors of 4th order eigenvalue problems with variable/constant coefficients in convex domains with curved boundary by an isoparametric mixed finite element method, which, in the particular case of bending problems of aniso-/ortho-/isotropic plates with variable/constant thickness, gives a simultaneous approximation to bending moment tensor field Ψ = (ψij) 1≤i,j≤2 and displacement field 'u', have been developed.
Introduction
In all papers [14, 22, 23, 29] on mixed finite element analysis of 4th order eigenvalue problems, it has been assumed that neither any numerical integration is essential nor any approximation of the boundary is necessary (since the boundary of the convex domain is a polygonal one in all the cases, the convexity of the domain being a requirement for the regularity of the solution [18, 21, 24] ). But in many situations,we are to consider convex domains with curved boundary Γ. Then an approximation of the curved boundary and possibly numerical evaluation of integrals will be essential, but convergence analysis becomes much more complex and complicated. Even for classical, standard finite element analysis of second order self-adjoint eigenvalue problems in domains with curved boundary we find the situation as stated in ( [40] , p. 254): "· · · In contrast to finite element analysis of boundary value problems, in the finite element analysis of eigenvalue problems, there does not exist any abstract error estimate consisting of the sum of three terms (error of interpolation, error of approximation of the boundary and error of numerical integration) · · · ". Hence, in such a situation error analysis for each specific problem can be attempted at and the proofs involved in finding the estimates will be quite complex and too technical in nature due to these additional complicacies introduced by the boundary approximation and obligatory use (for example, in the isoparametric case) of numerical integration. In fact, we find only two papers [25, 40] , in which this combined effect of boundary approximation and numerical integration on Keywords and phrases. Mixed FEM, eigenvalue problem, isoparametric boundary approximation, 4th-order equations, anisotropic plates, convergence analysis, numerical results.
second order self-adjoint eigenvalue approximations using classical isoparametric finite element methods has been estimated, [5] and [6] being the papers which deal with the effect of only numerical integration on eigenvalue approximations. But the situation is still worse in the case of isoparametric mixed finite element analysis of eigenvalue problems, for which error estimates are to be developed again for a specific mixed method formulation (since abstract results for the isoparametric case do not exist even for source problems) and the proofs for the estimates will be much more complex and much more technical in nature. Indeed to our knowledge, [8] is probably the first publication on the estimates for the combined effect of boundary approximation and numerical integration on the mixed finite element approximation of (simple) eigenvalues and eigenvectors of 4th order self-adjoint eigenvalue problems with variable/constant coefficients, many proofs in which, as stated earlier, have remained quite technical in spite of the best efforts of the authors to avoid these technical aspects in some proofs. The present paper, the results of which were announced in [8] (see also [31] ), relies heavily on [10] for the corresponding source problem ( [9] contains error estimates due to polygonal approximation of the curved boundary along with numerical integration for the same source problem) and also on the results of [4] on the mixed method scheme (see also [33, 36] ) for polygonal domains. For other interesting references on eigenvalue approximations, we refer to [2, 15] . Finally, the present paper also contains interesting results of numerical experiments on some problems of practical importance and research interest.
The continuous mixed variational eigenvalue problem
Consider the eigenvalue problem: Find λ ∈ R for which ∃ non-null u such that Then, the corresponding Galerkin Variational Eigenvalue Problem (P E G ) is defined by: Find λ ∈ R for which ∃ non-null u ∈ H 2 0 (Ω) [1, 28] 
and new coefficients A ijkl = A ijkl (x) ∀x ∈¯ Ω in terms of coefficients a ijkl , the algorithm for which is given in [4] , satisfying the following properties: ∀i, j, k, l = 1, 2
we construct an Auxiliary Continuous Mixed Variational Eigenvalue Problem (Q E AUX ) as follows:
The associated Source Problem (Q AUX ) in Continuous Mixed Variational Formulation is defined by:
(Ω) such that:
where A 0 (·, ·) and b 0 (·, ·) are continuous bilinear forms defined by:
H ∀Φ ∈ H and for some α > 0; (2.10)
As a consequence of (2.10) and (2.11), (Q AUX ) has a unique solution (Ψ, u) ∈ H × H 2 0 (Ω) [2, 11, 12] , and we 14) and
As a consequence of (2.10) and (2.11), ∀ fixed v ∈ H 2 0 (Ω), there exists a unique σ ∈ H such that A 0 (σ, Φ) + b 0 (Φ, v) = 0 ∀Φ ∈ H by virtue of Lax-Milgram lemma and this correspondence defines I : v ∈ H 2 0 (Ω) → Iv = σ ∈ H and we set
Rayleigh quotient characterization of eigenpairs.
(Ω). Hence, it suggests to define a new Rayleigh quotient (·, ·) on M ≡ E × H 2 0 (Ω) by (see also [14] 
, for which we can apply various extrema [2, 14, 35, 37] . [2, 37] ).
(i) Eigensolutions of (Q E AUX ) are the stationary points of (·, ·) on M, the corresponding eigenvalues being the values of (·, ·) at these stationary points;
We will need another Rayleigh quotient
positive and symmetric. Hence, Theorem 2.4 (Max-Min Principle, [2, 37] ). ∀p ∈ N, 
is not suitable for finite element approximation, since C 1 -elements are to be used for construction of finite element subspaces of H 2 0 (Ω). Hence, we construct a new Continuous Mixed Variational Eigenvalue Problem (Q E ), which will be eminently suitable for finite element approximation using C 0 -elements as follows: 20) where
and b(·, ·) are continuous bilinear forms defined by [4] :
∀v ∈ W and some m > 0; and ∃β > 0 such that sup Φ∈V−{0}
is not well-posed a priori. But we have:
(Ω) and is the unique solution of (P G ) and
Hence, under the assumption that the solution u ∈ H 2 0 (Ω) of Galerkin Variational Source Problem (P G ) in (2.4) has the additional regularity [18, 21, 24] :
Theorem 2.6 ( [8, 31] ). Under (A6), the source problems (Q) and (Q AUX ) are "equivalent" in the sense that these have the same solution 
such that Tχ * p = (σ p , χ p ) , T being the linear operator defined in (2.25).
Examples [8] : I. Biharmonic Eigenvalue Problem is obtained from (2.2) a ijkl defined by: a iiii = 1; a 1212 = a 2121 = a 2112 = a 1221 = 1/2; a ijkl = 0 otherwise, which satisfy (A3-A4) [3] , in Ω. Then, we have Λ ≡ ∆∆, for which (A6) holds [4] . (Q E ) corresponds to H-H-M (Hellan-Hermann-Miyoshi) mixed method scheme for biharmonic eigenvalue problem [4, 13, 30] .
is an eigenpair of biharmonic eigenvalue problem in H-H-M mixed method formulation [2, 13, 14, 22] :
(2.27) Remark 2.1. The associated biharmonic source problem corresponds to Stokes problem [34] of fluid mechanics in stream function-vorticity formulation and also to the bending problem of isotropic elastic plates with flexural rigidity D = 1, ν = 0 (see (2.32) 
∈¯ Ω being rigidities [8, 27] 
where
The Orthotropic case [3, 27, 38] can be retrieved from the anisotropic case (i) by putting in (2.28)-(2.30), (2.31) . Then, the orthotropic (resp. isotropic) plate (bending) operator Λ and the corresponding bilinear form A(·, ·) of (Q E ) are given by:
Then, for D = constant, Λu ≡ D∆∆u, (A6) will hold [18, 21, 24] . (2.32)
In aniso-/ortho-/isotropic cases
, u m is the deflection mode of the vibrating plate, Ψ m = (ψ mij ) 1≤i,j≤2 is the corresponding bending moment tensor, ψ mii being the bending moment in the x i direction and ψ m12 = ψ m21 , being the twisting moment, i.e. Anisotropic Case:
Remark 2.2. In the orthotropic plates with constant thickness, (2.33) can be reduced to the form (2.32) by introducing a new variable
. Hence, (A6) will also hold for (2.33) [18, 21, 24] .
Isoparametric mixed finite element eigenvalue problem (Q
Nc be the set of possible additional points suitably chosen on Γ such that
j=Nc+1 ⊂ Γ denote the set of boundary vertices of the isoparametric triangulation ofΩ under consideration.
is a boundary triangle with single boundary side ∂T 1 }; (3.1)
is an interior triangle with at most one of its vertices lying on Γ}; 
, we get a curved boundary triangle T = F T (T ) with the single curved boundary side
h be all such curved boundary triangles. Then,
is the Isoparametric Triangulation ofΩ, Γ h being the approximation of the boundary Γ. For other methods of approximation of boundary Γ, we refer to [7, 41] . Such a τ ISO h is regular in the sense of [16] . Ω h is not convex, Ω h ⊂ Ω, Ω ⊂ Ω h in general. But by construction, the distance of Γ from Γ h tends to 0 as h −→ 0 and from (A1), ∃ Ω with boundary Γ, which is piecewise of
Then, from (A1) and (
where T ) and its Jacobian J(F T ) ∈ P 1 (T ) with important estimates, we refer to [10, 16, 17] . We will need extensions to R 2 of functions defined in Ω h (resp. Ω).
Theorem 3.1 ( [32, 39]). Let D be a bounded, two-dimensional domain with Lipschitz continuous boundary ∂D, which is piecewise of
The operator E is also a linear and bounded extension operator from
Boundaries Γ h , Γ,Γ of Ω h , Ω and Ω respectively satisfy the smoothness conditions in Theorem 3.1. We can choose D = Ω h (resp. Ω) and find the corresponding extensionũ h = Eu h (resp.ũ = Eu ).
, be the continuous linear extension operator defined in (3.7) and (3.8) and ρ :
(For restriction to Ω of u, the same notation u has been used and will be used in the sequel).
(In (3.7) and (3.9), the same letter C > 0, having different strictly positive values has been used and this convention of using the same letter C > 0 with different strictly positive values at different steps will be followed in the sequel unless stated otherwise). With the help of Theorem 3.1 and Corollary 3.1, we define V and W as follows:
To everyΩ h we associate Hilbert spaces V(Ω h ) and H 1 0 (Ω h ) defined by:
,Ω h , and define the auxiliary continuous, bilinear forms A h (·, ·) and b h (·, ·) by:
Quadrature schemes: Forφ ∈ C 0 (T ), the following two quadrature schemes over the reference trianglê T corresponding to i = 0 and 1 will be considered:
and possibly also interior pointŝ b
Then, to each τ ISO h ofΩ, we associate the following finite dimensional subspaces: 
with |b
,Ω h for some m 0 > 0. Now, we make the assumption:
) is evaluated using quadrature scheme (3.14)-(3.15) for i = 1 (resp. i = 0), which is exact for P 6 (T ) resp. P 3 (T )). Now, to the eigenvalue problem (Q E ), we associate the Isoparametric Mixed Finite Element Eigenvalue 
(denoted by the same notationf ),f being the extension to Ω of f withf = Λũ (see [10] ). Now, based on Theorem 3.1 and Corollary 3.1, we define X h , V h and W h :
(ii) ∃β 0 > 0, independent of h, such that sup
(iii) T he isoparametric mixed f inite element source problem (Q h ) def ined in (3.22) has a unique solution.
Remark 3.1. V h -ellipticity of A NI h (·, ·) in (3.28) will hold even if the quadrature scheme (3.14) with i=1 be exact for P 4 (T ) (instead of P 6 (T ) in (A9)) (see [10] ). But this assumption (A9) will be necessary in Proposition 4.1 (see Rem. 5.4 for more details).
Hence, we can define 
) with λ h = 1/µ h and Ψ h = S h (λ h u h ), and we have: 
is an orthonormal system in
. By virtue of (3.28), applying Lax-Milgram lemma, we can define
and set
E h = I h (W h ) = {σ h : σ h ∈ V h for which ∃v h ∈ W h such that A NI h (σ h , Φ h ) + b NI h (Φ h , v h ) = 0 ∀Φ h ∈ V h } = Span Ψ m,h λ m,h N h m=1 · (3.33) Then, I h : (W h , ·, · 0,Ω h ) −→ (E h , [·, ·] A NI h (·,·) ) is linear and bijective. Then, (λ m,h ; (Ψ m,h , u m,h )) ∈ R + × (V h × W h ) is an eigenpair of (Q E h ) =⇒ Ψ m,h = I h u m,h , 1 ≤ m ≤ N h = dim W h . Define N h -dimensional space M h of linked pairs (σ h , v h ) = (I h v h , v h ) by: M h = E h × W h . Then, (Ψ m,h , u m,h ) ∈ M h for 1 ≤ m ≤ N h .
Rayleigh quotient characterization of approximate eigenvalues.
As in the continuous case, ∀ linked pair (σ h , v h ) ∈ M h , we define the new Rayleigh quotient
Theorem 3.5 (Min-Max Principle, [2, 37]). (i) Eigensolutions of (Q E h ) are the stationary points of h (·, ·) on M h , the corresponding eigenvalues of (Q E h ) being the values of h (·, ·) at these stationary points;
(ii) λ p,h = min
Since T h ∈ L(W h ) is a symmetric, positive-definite, linear operator, we can define another
Theorem 3.6 (Max-Min Principle, [2, 37] ). 
Then we have:
being a linear operator, E (resp. ρ h ) being the extension (resp. restriction) operator satisfying (3.38) (see also Cor. 3.1). Applying Theorem 3.3, we get the following result: (2.26) 
such that (3.38) holds and (σ
(Ω) and χ p 0,Ω = 1 be defined by: (3.40) .
42)
Error estimates
Here, we shall develop error estimates for the case of simple eigenvalues.
Theorem 4.1. Let assumptions
(A1-A9) hold. Let (λ p ; (Ψ p , u p )) ∈ R + × (V × W ) with u p ∈ H 3 (Ω) ∩ H 2 0 (Ω) (resp. (λ p,h ; (Ψ p,h , u p,h )) ∈ R + × (V h × W h )) be an eigenpair of (Q E ) (resp. (Q E h )), λ p (resp. λ p,h ) being a simple eigenvalue of (Q E ) (resp. (Q E h )) and ( Ψ p , u p ) ∈ V × H 3 ( Ω) (resp.( Ψ p,h , u p,h ) ∈ V h × W h ) be the extension to Ω of the eigensolution (Ψ p , u p ) of (Q E ) (resp. (Ψ p,h , u p,h ) of (Q E h )), 1 ≤ p ≤ N h = dim W h ,
satisfying (3.7)-(3.9). Then, ∃C > 0, independent of 'h' and 'p', such that
Proof.
From (3.29), ∃β 0 > 0, independent of 'h' and 'p', such that
Now, using (2.20) (resp. (3.21)), we have
Applying the continuity ofÃ h (·, ·) and b h (·, ·) in (4.4) and using it in (4.3) and (4.2), (4.1) follows.
Remark 4.1. In (4.1), the third and fourth terms on the right hand side are due to numerical integration and the fifth and sixth terms appear owing to the approximation of the boundary.
For finding estimates, we will need the following important results.
Lemma 4.1 ( [41]). Let Γ be Lipschitz-continuous curved boundary of the convex domain Ω, which is piecewise of
be the quasi-uniform regular isoparametric triangulation of Ω defined in (3.4) and Ω be the domain satisfying (A2) and (A7). Let h and ω h be defined by (3.5) and (3.6) respectively. Then, ∃C > 0, independent of h, such that Inverse inequalities [16] :
We have the following results:
A ijkl 2,∞,T .
Proof. The proof is similar to that given in [10] for A ijkl ∈ W 1,∞ ( Ω). (3.25) . Then, the following estimates hold:
.1). Proposition 4.2. Suppose that assumptions
Following [37] , we prepare some new results to be used in the sequel.
(Ω), χ p 0,Ω = 1 and σ p ∈ V be defined by (3.41) and (3.40) such that the estimates (3.42) 
Also, from (3.42) and (4.14),
Again, from (4.5), we have :
Then, the right hand sides of these two inequalities in (4.17) tend to 0 as h −→ 0. Hence, ∃h 0 ∈]0, 1[ such that In (4.16), (4.18) and (4.19) , the same h 0 ∈]0, 1[ has been used to denote different small positive numbers on ]0, 1[ and this convention of using the same h 0 to denote different small numbers on ]0, 1[ at different steps will be followed also in the sequel). (4.19) 
holds, (i) linear operator
Π h : M p −→ Π h M p ⊂ M h defined by (3.40) is injective, (ii) dim ( Π h M p ) = dim M p = p.
Proof. For (i), we are to show that Π
Now, first of all, we will prove that lim h→0 λ p,h = λ p , λ p (resp. λ p,h ) being a simple eigenvalue of (Q E ) (resp. (Q E h )), and using this, we will find the estimate for u p − u p,h 0,Ω h in order to find the "optimal" estimate for |λ p − λ p,h | and finally, for Ψ p − Ψ p,h 0,Ω h and u p − u p,h 1,Ω h in this order (see also [14] ). The proofs are highly technical in nature. For the sake of brevity, we state the outline of the proof and the final results (for details of proofs, see [8] ).
Theorem 4.2. Let assumptions (A1-A9) and assumptions of Proposition 4.2 hold. Let Π h be the bijective operator defined by (3.40) such that Lemma 4.2 and estimates (3.42) hold
Proof. From Theorem 3.5,
(using continuity ofÃ h (·, ·) and (3.42));
• |A 
where 
Now, we will show that lim
From (3.8), (4.5) and
(using ṽ h 0,Ω ≤ v h 0,Ω h and (4.33) in (4.32)). 35) and from Theorem 3.3, 
Theorem 4.3. Under the assumption that Theorem 4.2 holds and λ
We are to find estimates only for the second and third terms on the right hand side of (4.39), since (3.42) gives the estimate for the first term.
, we have:
Since we are considering the case of simple eigenvalues, set 2d
Finally,
Finally, from (4.39), (4.42) and (4.45), we get
Then, using (3.42) with χ p = u p , σ p = Ψ p in (4.46), we get the result (4.36).
Now, we proceed to prove (4.37) .
with λ p u p = χ * p (using (3.21) and (3.40))
Hence, from (4.51) and (4.52), 
. We have from (3.40) and (3.21) , 
Rewriting one by one the expressions in square brackets in (4.61) using (2.20) and (3.21):
-(3.9) with the help of Corollary 3.1. Then, using (3.21) and (2.20), we have 
Using (3.42) and (4.36), we have
1, e Ω (using(4.5)); (4.69)
Finally from (4.70) and (4.71), we have 
Numerical examples
In this section, we would consider numerical examples on eigenvalue problems defined in (2.1), the coefficients a ijkl for which satisfy (A1-A2). The convex domains Ω with curved boundary considered are approximated by a polygonal boundary Γ ω being the circular frequency expressed in radians/unit time, i.e. a substitution of (5.2) into (5.1) will yield (2.1) with λ = ρω 2 . In the practical applications (examples considered below), dimensionless coordinates are introduced and instead of λ = ρω 2 , some new parameter of convenience which will depend on ρ, ω, characteristic plate size parameter, flexural rigidity of the plate etc will be introduced and will still be denoted by the same notation λ by giving its new definition without deduction,for which we refer to [26] .
• For constant coefficients A ijkl (or equivalently a ijkl ), which will be considered in the examples, introducing suitable canonical bases {Φ
in W h , the isoparametric mixed finite element eigenvalue problem (Q E h ) can be reduced to the following problem in matrix form (see [31] The eigenvalue problem (2.1) with λ 2 = ωa 2 ρ t/D 22 corresponding to the natural vibrations of the clamped orthotropic elliptic plate with b/a = 0.5, 'a' being the semi-major axis and 'b' being the semi-minor axis is considered. The first few eigenvalues and the corresponding eigenvectors for both polygonal and curved approximations have been computed and only the eigenvalues, which are compared with those given in [19] , are shown in Tables I-IV 
